Abstract. The purpose of this paper is to classify torus manifolds (M 2n , T n ) with codimension one extended G-actions (M 2n , G) up to essential isomorphism, where G is a compact, connected Lie group whose maximal torus is T n . For technical reasons, we do not assume torus manifolds are orientable. We prove that there are seven types of such manifolds. As a corollary, if a non-singular toric variety or a quasitoric manifold has a codimension one extended action then such manifold is a complex projective bundle over a product of complex projective spaces.
Introduction
This paper is a continuation of [Ku3] devoted to find the natural symmetries of torus manifolds. A torus manifold, defined in [HaMa, Ma] , is an even dimensional, oriented, compact, connected manifold M 2n acted on by a half-dimensional torus T n with non-empty fixed point set. The class of torus manifolds provides a rich and interesting class of T -spaces, because this class contains both of non-singular toric varieties studied by algebraic geometers (see [Fu, Od] ) and quasitoric manifolds studied by topologists (see [BuPa, DaJa] ). As is well-known, the n-dimension torus is a maximal compact abelian group which acts on 2n-dimensional manifolds effectively. On the other hand, there exist torus manifolds whose torus actions are induced from non-abelian group actions, e.g., complex projective spaces or even dimensional spheres (see [Ku3] ). Namely, the T n -action on torus manifold M 2n do not always become the maximal (compact) symmetry of M 2n .
One of fundamental problems in geometry is to find the most natural symmetry on the given space, i.e., the most natural group action on the given space. In order to find natural group actions on torus manifolds, we have studied extended actions of T n -actions on torus manifolds. In [Ku3] , we classify torus manifolds with transitive extended G-actions (also see Theorem 2.4 in this paper), where G is a compact, connected Lie group whose maximal torus is T n . In this case, the principal orbit G/K is M itself. In other words, the codimension of principal orbit of transitive actions is zero, i.e., dim M − dim G/K = 0. Therefore, we may regard the classification in [Ku3] as the classification of torus manifolds induced from codimension zero extended actions. So we are naturally led to study torus manifolds induced from codimension one extended G-actions, i.e., torus manifolds with codimension one extended actions (or torus manifolds induced from cohomogeneity one symmetries). The purpose of this paper is to classify all such torus manifolds up to essential isomorphism. For technical reasons, we do not assume torus manifolds are orientable as we do in [Ku3] . Namely, we classify more general class of T -manifolds with codimension one extended actions.
Let us prepare to state our main theorem. We use the following notations: j=1 O(2m j + 1) generated by diagonal matrices, i.e., if V is a complex (resp. real) space then
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1 α : T a × A → S 1 (resp. α : T a × A → Z 2 ); the symbol P (V ⊕ W ) (resp. RP (V ⊕ W )) represents the complex (resp. real) projective space of the complex (resp. real) vector space V ⊕ W ; and S(V ⊕ W ) is the unit sphere in V ⊕ W . The goal of this paper is to prove the following theorem (see Propositions 9.4-9.10, 10.3 and 11.5 for detail): Theorem 1.1. Let (M, T ) be a (possibly unoriented) torus manifold and (M, G) be its codimension one extended action, where G is a compact connected Lie group whose maximal torus is T n . Then, (M, G) is essentially isomorphic to one of the followings:
for some subgroup A ⊂ (Z 2 ) b and scaler representations ρ, ϵ, ρ 1 , ρ 2 . Here,
naturally. Furthermore, the following statements hold:
• the manifolds in (1) 
. Let (M, G) be a non-singular toric variety or a quasitoric manifold with codimension one extended G-action. Then, (M, G) is essentially isomorphic to
where C li+1 o = C li+1 − {o} and C * = C − {o}.
The organization of this paper and the method of classification are as follows. We first, in Section 2 and 3, recall some basic notions needed later and give some examples of torus manifolds with codimension one extended actions. In order to prove Theorem 1.1, we will combine the methods introduced by Alekseevskii-Alekseevskii in [AlAl] and Uchida in [Uc] , and use the main results in [Ku3] . Due to [AlAl] , if (M, G) has a codimension one orbit then M can be constructed from a primitive (M 1 , G ′′ ) with codimension one orbits; roughly speaking, M is equivariantly diffeomorphic to the crossed product G ′ × H ′ M 1 for some G ′ and its subgroup H ′ , where G = G ′ × G ′′ and an H ′ -action on M 1 commutes with the G ′′ -action on M 1 . In Section 4, we recall the definition of the primitive G-manifolds introduced in [AlAl] . We also show that, for the nonprimitive torus manifold M ∼ = G ′ × H ′ M 1 , both of G ′ /H ′ and M 1 are also torus manifolds (Lemma 4.4). Note that in this case M is an M 1 -bundle over G ′ /H ′ . The main theorem in [Ku3] tells us the possibilities of G ′ /H ′ (Theorem 4.5). We next, in Section 5, 6 and 7, classify primitive torus manifolds (M 1 , G ′′ ) by using the method of [Uc] (also see [Ku2] for details of this method). As a result, we have that there exist seven types of primitive torus manifolds (Theorem 7.1 ′′ -action on M 1 . Then, we get the classification table in Theorem 1.1 of torus manifolds with codimension one extended actions up to essential isomorphism. Finally, in Section 11, we give some relations with moment-angle manifolds introduced in [BuPa, DaJa] (also see [BoMe] ) and prove the orientability of torus manifolds appearing in the table of Theorem 1.1.
Preliminary
In this section, we recall some basic notations and facts needed later. We refer the reader to the following papers and books for further details: [HaMa, Ma] for toric topology; [MiTo] for classical Lie theory; [Br, Ka] for transformation group theory; and the paper [Ku3] .
General terminologies and notations.
We first recall general terminologies and notations.
Throughout of this paper, the symbol T n represents an n-dimensional, compact, abelian group, i.e., T n is a product of n circles (S 1 ) n , we call it an n-dimensional torus or a torus. The symbol (M, G) represents the space M with G-action. If it is needed to indicate the action explicitly, we shall write (M, G) as (M, G, φ) with the action φ. In this paper, we assume all G-actions are smooth.
The symbol G x represents the isotropy subgroup of x ∈ M , G(x) represents the orbit of x, and M/G represents the orbit space. We denote the set of fixed points of (M, G) by 
is said to be almost effective (resp. effective) if the kernel of (M, G) is finite (resp. identity). Let N be the kernel of (M, G). Then, the induced action (M, G/N ) is always effective, and we call it the induced effective action of (M, G). If two induced effective actions of (M, G) and (M ′ , G ′ ) are weakly equivariantly diffeomorphic, then (M, G) and (M ′ , G ′ ) are said to be essentially isomorphic. Let (X × Y, G) be the diagonal G-manifold of (X, G) and (Y, G). We denote its orbit space by X × G Y . If G acts on X freely, i.e., G x = {e} for all x ∈ X where e ∈ G is the identity element, then we may regard X × G Y as the Y -bundle over X/G, i.e., there exists the following fibration:
Torus manifold. Let us define a torus manifold.
Definition 2.1. Let M 2n be a smooth, 2n-dimensional, compact manifold. We say (M 2n , T n ) a torus manifold if an n-dimensional (half dimensional) torus action on M 2n is almost effective and there exists a fixed point.
In this paper, a torus manifold (M 2n , T n ) is often denoted by (M, T ) or M simply. By definition, a torus manifold satisfies that M T is finite and its principal orbit is T n itself. A compact, connected, codimension two T -invariant submanifold of M without boundary is called characteristic if it is a connected component of the set fixed pointwise by a certain circle subgroup of T and contains at least one T -fixed point. There exist only finitely many characteristic submanifolds and they are orientable if M is orientable.
Furthermore, because we would like to classify torus manifolds with codimension one extended actions up to essential isomorphism, we assume a T -action on M is almost effective. For technical reasons, we do not assume M is orientable. Namely, torus manifold in this paper contains more general T -manifolds than those in [HaMa, Ma] .
2.3. Facts from classical Lie theory and the previous paper. In this paper, we will classify (M, G) up to essential isomorphism. In this subsection, we recall the facts from classical Lie theory and the paper [Ku3] .
For any compact, connected Lie group G, there exists a finite covering, homomorphism (see [MiTo, Section 5] ):
where G i is a compact, (simply) connected, simple Lie group, or a torus, for i = 1, . . . , k. Let N be the kernel of c. Then, N is a finite normal subgroup in
Therefore, we have the following commutative diagram:
where Id : M → M is the identity map. Namely, there exists the lift (M, G, φ) of (M, G, φ) . Moreover, one can easily see that (M, G) of (M, G) are essentially isomorphic.
A rank of G is the dimension of a maximal torus subgroup of G. As is well known, the following lemma holds for a maximal rank subgroup H o of G (see [MiTo, Theorem 7.2] 
We next recall the results of the paper [Ku3] . Let (M, T, φ) be a torus manifold. Suppose T is a maximal torus subgroup of a compact, connected Lie group G. If there exists an action Φ : G × M → M such that the restricted T -action Φ| T ×M is the given φ, then we call (M, G, Φ) an extended G-action of (M, T, φ) .
, where an integer k satisfies 0 ≤ k ≤ n. In particular, if a torus manifold (M, T ) has a codimension 1 extended G-action, then we call (M, T ) a torus manifold with codimension one extended action (or torus manifold induced from cohomogeneity one action).
Let Z 2 be the subgroup
where O(m) is the orthogonal group and I m is its identity element. Note that Z 2 acts on the 2m j -dimensional sphere S 2mj ⊂ R 2mj +1 canonically (we call this action the antipodal action on sphere). Let A be a subgroup of 
where the above group acts on M 2n in the natural way, and
Remark 2.5. In [Ku3, Theorem 1], we used P U (l + 1) instead of SU (l + 1) as the transformation group, where P U (l + 1) is defined as the quotient of SU (l + 1) by its center Z(SU (l + 1)). However, ( ∏ CP (l), ∏ SU (l + 1)) is essentially isomorphic to ( ∏ CP (l), ∏ P U (l + 1)) (see [Ku3, Example 2.7] ). So we may change P U (l + 1)'s into SU (l + 1)'s.
3. Structure of orbit space M/G and orbits of fixed points M T Henceforth, (M, T ) represents a 2n-dimensional torus manifold and (M, G) represents its codimension 1 extended action, where G is a compact connected Lie group with maximal torus T .
In this section, we analyze the orbit space M/G of (M, G).
Structure of orbit space M/G.
By the definition of torus manifold, there exist nonempty isolated fixed points M T . We first consider a G-orbit on a fixed point p ∈ M T . Because p ∈ M T is fixed by the T -action, we have
Therefore, we have rank G o p = rank G = n, where rank G represents the dimension of maximal torus of G. Hence, as is well known (see e.g. [GHZ, Theorem 1.1 (2) , (3)
o is even and
It follows that there exists at least one singular orbit in (M, G). Hence, together with the fact from transformation group theory (see e.g. [Br, 8. Once we have the orbits G/K 1 and G/K 2 in Lemma 3.1, their tubular neighborhoods X 1 and X 2 can be computed by using the following differentiable slice theorem, or the slice theorem for short (see, e.g., [Br, Ka] 
In Theorem 3.2, we call σ a slice representation of G x . We identify a tubular neighborhood
G-orbits of T -fixed points. Let p ∈ M
T . Using the slice theorem, the tangent space T p (M ) can be regarded as an orthogonal T -representation space. We call it a tangential representation space, or simply a tangential representation on p. Let α i be a representation from
, and let V (α i ) ≃ R 2 be the irreducible representation space of α i . The following lemma tells us the structure of tangential representations on fixed points in torus manifold (M, T ).
Lemma 3.3. Let (M, T ) be a torus manifold and p ∈ M T . Then, the tangential representation on p decomposes into 1-dimensional representations as follows:
Proof. According to the definition of torus manifold, the T -action on M is almost effective. It follows that there is a non-degenerate representation ρ from T n to the orthogonal group
e., the image of ρ is also an n-dimensional torus. Moreover, the image of ρ is in the special orthogonal group SO(2n) because T n is connected. Therefore, the image of ρ and the diagonal maximal torus SO(2) × · · · × SO(2) ⊂ SO(2n) are conjugate in SO(2n) . This gives an equivalence between ρ and
The following lemma is one of the key lemmas to classify (M, G).
Lemma 3.4. Let G/K 1 be a singular orbit of (M, G) which contains a fixed point of (M, T ).
Then there exists a subtorus
Proof. Let c : G → G be the finite covering of G appearing in (1) in Section 2.2, and let K 1 (resp. T ) be the identity component of c −1 (K 1 ) (resp. c −1 (T )). Using (2) in Section 3.1, we also have T is a maximal torus subgroup of G and K 1 . By Lemma 2.3, there exists the following decomposition: is the same factor in G and K 1 , i.e., the identity component of the kernel of the
we also have the following decomposition: 
where T p G/K 1 is the tangent space and N p G/K 1 is its normal space on p. It follows from Lemma 3.3 that there exists a decomposition
This implies that we may put
Remark 3.5. In Lemma 3.4, if (M, T ) is an oriented torus manifold then G/K 1 is also oriented; moreover, G/K 1 is the connected component of the intersection of some characteristic submanifolds (see [Ku4, Lemma 3.2] ).
Examples.
In this subsection, we recall quasitoric manifolds briefly, and give some examples of torus manifolds with codimension one extended actions.
We first recall the definition of quasitoric manifold. Let P n be a simple convex polytope, i.e., precisely n facets (codimension-1 faces) of P n meet at each vertex.
Definition 3.6. If the torus manifold (M 2n , T n ) satisfies the following two properties:
(1) T n -action is locally standard, i.e., locally looks like the standard torus representation in C n ; (2) there is a projection map π : M 2n → P n constant on T n -orbits which maps every k-dimensional orbit to a point in the interior of k-dimensional face of P n , k = 0, . . . , n, Example 3.8 shows a quasitoric manifold with codimension one extended action.
2 ) be the torus manifold defined by the standard multiplication of T 2 on the last two coordinates in [z 0 : z 1 : z 2 ] ∈ CP (2) (also see [Ku3, Example 2.2] ). This torus manifold has an extended G = P U (2) × T 1 -action as follows:
• P U (2) = U (2)/Z(U (2)) acts on the first two coordinates (z 0 , z 1 ) by the standard multiplication, where Z(U (2)) is the center of U (2); • T 1 acts on the third coordinate z 2 by the standard multiplication. On the other hand, Example 3.9 is not a quasitoric manifold. However, this is a torus manifold with codimension one extended action.
Example 3.9. Let (M, T ) = (S 4 , T 2 ) be the torus manifold defined by the standard mul- Ku3, Example 2.3] ). Now we can check (M, T ) is not a quasitoric manifold because its orbit space is not a convex polytope (see the right "half-moon" in Figure 2 , this half-moon is not a convex polytope).
Let (x, y) ∈ S 4 ⊂ R 2 ⊕ R 3 . This torus manifold has an extended G = T 1 × SO(3)-action as follows:
One can easily see that (M, G) has codimension 1 orbits G(e 1 , f 1 ) ∼ = S 1 × S 2 and two singular orbits G(e 1 , 0) ∼ = S 1 and G(0, f 1 ) ∼ = S 2 , where e 1 = (1, 0) ∈ R 2 and f 1 = (1, 0, 0) ∈ R 3 . Figure 2 shows the image of Examples 3.8 and 3.9. Figure 2 . The left triangle shows the orbit space CP (2)/T 2 , the right halfmoon also shows the orbit space S 4 /T 2 , and interval shows the orbit space of
We also give the following example which has an exceptional orbit:
Example 3.10. Let (S 4 , T 2 ) be a torus manifold defined in Example 3.9. Then, we may naturally define the product action of two copies (
, and this is a torus manifold with 4 fixed points. If N and S denote the 2 fixed points in (S 4 , T 2 ), then the 4 fixed points in
(N, S), (S, N ) and (S, S).
Let Z 2 be the group generated by (−I 5 , −I 5 ), where −I 5 is the antipodal involution on S 4 ⊂ R 5 and I 5 is the identity map on R 5 . We note that −I 5 does not preserve an orientation on S 4 ; however, (−I 5 , −I 5 ) preserves an orientation on S 4 × S 4 . Now we may consider the following manifold
Since (−I 5 , −I 5 ) preserves an orientation of S 4 × S 4 and (−I 5 , −I 5 ) commutes with This action extends to the canonical
Then we have the following three orbit types:
Here, e 1 , . . . , e 5 are the canonical basis of R 5 . Therefore, in this case there are one singular orbit S 4 , principal orbits S 4 ×S 3 , and the exceptional orbit S 4 × Z2 S 3 .
Crossed product of (M 1 , G 1 ) by G/H and Primitive manifolds
In this section, we introduce a primitive manifold. This notion, which was first introduced by Alekseevskii-Alekseevskii in [AlAl] , plays an important role in the classification of torus manifolds with extended actions. In this paper, we slightly modify the original definition in [AlAl] .
In order to define it, we first define the following notion: 
Now we may define a primitive manifold.
We call a torus manifold (M, T ) with primitive extended G-action (M, G) a primitive torus manifold in this paper.
Let us prove the following 2 nd key lemma
are torus manifolds, where
Proof. We first prove that
Hence, we have that rank G = rank H. In particular, by taking conjugation, we may assume
It follows from the method similar to that demonstrated in Section 2.2 that we may assume
where G ′ is a product of connected, simple compact Lie groups, and H ′ is its maximal rank subgroup. Then, we may devide
On the other hand, T ′′ also acts on M 1 almost effectively, because T ′′ acts on G/H trivially and T acts on M almost effectively.
Asume 2 dim
is a torus manifold. However, this gives a contradiction to that T ′′ acts on M 1 almost effectively. Therefore, we have that 
is primitive; and the homogeneous torus manifold
where G acts on the G-factor in M naturally and
Here, in Theorem 4.5, the quotient space G× (H ′ ×G ′′ ) M 1 is defined by the following (H ′ ×G ′′ )-actions: on G naturally; and on M 1 by the product of the G ′′ -action on M 1 and an H ′ -action on M 1 defined by representation
where Diff G ′′ (M 1 ) is the set of all G ′′ -equivariant diffeomorphisms on M 1 . Now we note the following lemma:
Proof. One can easily check that if (X, G) and (Y, H) are weakly equivariantly diffeomorphic then Diff
where N is the kernel of (X, G, φ) (see Section 2.1).
Let f ∈ Diff G (X). By definition, the following diagram is commute: 
Due to Theorem 4.5 and Lemma 4.6, in order to classify (M, T ) with codimension one extended actions, it is enough to classify the followings:
(1) primitive manifolds (M 1 , G ′′ ), whose restricted maximal torus
Henceforth, we call a torus manifold (M 1 , T ′′ ) whose codimension one extended action (M 1 , G ′′ ) is primitive a primitive torus manifold.
We first classify the primitive torus manifolds in Section 5 to 6. To ahieve this, we need to use the following key lemma:
codimension one extended action of torus manifold (M, T ), and
K 1 , K 2 be non-principal isotropy subgroups. Suppose that there exists a proper subgroup H in G such that K 1 ∪ K 2 ⊂ H. Then,
there exists a submanifold M 1 with codimension one H-action and
In
other words, if (M, G) is a primitive manifold and there exists a subgroup H ⊂ G satisfies
Proof. Using Lemma 3.1 and Theorem 3.2, there exists a decomposition
Isotropy subgroups (K 1 , K) in (general) torus manifolds
In order to classify primitive torus manifolds (M 1 , T ′′ ), in this section, we characterize (G, K 1 , K) appearing in the general torus manifold (M, G) with codimension one extended G-actions (with possibly representations
5.1. Singular isotropy subgroup K 1 . We first classify the pair (G, K 1 ) in the general case. At first, we prepare the following lemma needed later (also see [Ku4, Corollary 5.4 By Lemma 3.4, we may assume that the orbit G/K 1 is a torus manifold. Therefore, we can put dim G/K 1 = 2n − 2k 1 , where 2n = dim M . Moreover, with the method similar to that demonstrated in Section 2.3, there is the following decomposition:
where G are their maximal tori, respectively. Using the decomposition (3), we also have
Together with Theorem 2.4, there are the following identifications up to conjugation:
where S is a subgroup which satisfies that
Remark 5.2. Note that SO(3) ≈ SU (2), i.e., locally isomorphic, and the covering map
. Therefore, we may regard SU (2) as SO(3) up to essential isomorphism. Namely, we may assume that l i ≥ 2, for all i = 1, . . . , a, up to essential isomorphism in the identification (4) above.
To get G ′′
1 , we analyze the slice representation of the tubular neighborhood
(see Theorem 3.2), where D 2k1 is the 2k 1 -dimensional disk. In our case, the slice representation can be denoted by the following homomorphism:
We also have that σ 1 (G ′′ 1 ) acts on ∂D 2k1 = S 2k1−1 transitively, because (M, G) has codimension 1 extended action. It follows from Lemma 5.1 that
Here, the symbol X ≈ Y represents that X and Y are locally isomorphic, i.e., the surjective homomorphism
) induces the isomorphism of Lie algebras. If k 1 = 1, then we may regard SO(2) as U (1). Hence, we have
This establishes the following classification of all pairs of G and the singular isotropy subgroup
Property of principal isotropy subgroup K.
In this subsection, we classify the principal isotropy subgroup K.
via the slice representation σ 1 . Therefore, we need to compute the slice representation σ 1 . To do this, we first define the natural projections of
We also prepare the following notations for the sake of brevity. Put
where
By changing the order of {1, . . . , b}, we may regard the first part J 1 = {1, . . . , b 1 } in {1, . . . , b} as the set satsfing that m j = 1 and q j (K) = SO(2m j ) = SO(2). Now we may define the following two notations:
where u j ∈ SO(2m j ) = SO(2); and
The following lemma tells us the σ 1 -images of τ I , ν J1 and ν J2 .
Lemma 5.4. The following two statements hold:
, then the following equations hold:
, then the following equations hold: 
where S 1 is the center of U (k 1 ), i.e., the diagonal subgroup whose all entries are the same; and and Z(K) is the center of K. It follows from the above relations that one can easily check the statements for τ I and ν J1 .
We will check the statements for
1 . Therefore, we may assume there exists j ∈ {b 1 + 1, . . . , b} such that m j = 1. If S = S o , then m j ≥ 2 for all j = b 1 + 1, . . . , b because of the definitions of J 1 and J 2 . Hence, we may also assume S/S o ̸ = {e} when m j = 1. Then, by the the definition of J 1 and J 2 , the projection
We will prove that this inclusion
Using J 2 = I 2 and σ 1 (K ′ 1 ) ⊂ S 1 , we have the following relation:
On the other hand, the following equation holds:
for some r ∈ Z where X j ∈ SO(2), because SO(2) is the abelian group. Hence, by the relation (5), we have that
It follows that r = 0. This establishes
It follows from Lemma 5.4 and σ
−1
1 (O(2k 1 − 1)) = K that we have the following lemma:
Lemma 5.5. Fix the slice representation σ 1 :
. Then, the following two statements hold:
This establishes the classification of the principal isotropy subgroups.
Isotropy subgroups
(G, K 1 , K 2 , K) in
primitive torus manifolds
In this section, we characterize (G, K 1 , K 2 , K) (with possibly inclusions K ⊂ K s ⊂ G for s = 1, 2) appearing in primitive manifolds. 6.1. Preliminary. As a preliminary to characterizing such (G, K 1 , K 2 , K), we show the decomposition of K 2 in this subsection (see Lemma 6.1).
Let H be one of the following proper subgroups in G:
where I(k) = {1, . . . , a} \ {k} and J(k) = {1, . . . , b} \ {k}. Due to the classification of K 1 in Section 5.1 (see Lemma 5.3), we have K 1 ⊂ H for all k. Henceforth, we take an isotropy type K 2 as a subgroup of G such that K ⊂ K 1 ∩ K 2 , where K is the subgroup appearing in Lemma 5.5. Assume the projections of K 2 satisfy one of the following relations for some i or j:
14 Then, we can easily check that
for some i or j. Therefore, by virtue of Lemma 4.7, we have that (M, G) is not primitive. Hence, it follows from Lemma 5.5 that
for all i = 1, . . . , a and j = 1, . . . , b. As is well known, subgroups above are p i (K 2 ) = SU (l i + 1) for l i ≥ 2 (see Remark 5.2) and q j (K 2 ) = SO(2m j + 1). Hence, the natural projection
Now we may prove the following lemma: 
Proof. By using
1 is a product of SU (l i + 1) and SO(2m j + 1), i.e., product of simple Lie groups, by using the arguments demonstrated in Section 2, we have
Now there are the following two cases:
From the next subsection, we will analyze each case.
The case when
by Lemma 6.1. Therefore, we can put dim G/K 2 = 2n − 2k 2 for some k 2 ∈ N. Now there are two cases:
is a torus manifold, it follows from Lemma 5.5 and K ⊂ K 2 that we may put
With the method similar to that demonstrated in Section 5.1, the kernel of the G-action on G/K 2 acts on K 2 /K ∼ = S 2k2−1 transitively and almost effectively via the slice representation σ 2 :
Together with Lemma 5.1, we have that
Moreover, we have that ker σ 2 ∩ (G
is finite, because the G-action on M 1 is almost effective. Therefore, we may assume σ 2 ({e} × T 1 ) = S 1 , where {e} is the identity element in G ′′ 1 and S 1 is the center of U (k 2 ). Namely, σ 2 induces the representation σ
is finite, where 
and
With the method similar to that demonstareted as above, we have
such that ker σ 2 is finite. Similarly to the case above, σ 2 ({e}×T 1 ) = S 1 and there are the following two cases: 
Note that when
we may regard this case as the case when
and ker σ 2 is finite. Therefore, by using k 1 ≥ 2 and Lemma 6.2, we have that k 1 = k 2 and G ′ 1 = {e}. Note that n = k 2 because G/K 2 = { * }. This establishes that
Consequently, we have the following proposition:
G) is a primitive torus manifold and G/K 2 contains a T -fixed point. Then, there are the following three cases:
(
Proof. By the the argument before this proposition, we have the three possibilities of (G, K 1 , K 2 ) appearing in the statement. So, it is enough to show the principal isotropy subgroups K in each case.
For the 3 rd case of (G, K 1 , K 2 ), by using Lemma 5.5, it is straightforward to get K. For the 1 st case of (G, K 1 , K 2 ), by using Lemma 5.5, we have
Then, the kernel of the G-action on M 1 contains the subgroup {e} × Z |γ| , where {e} ⊂ SU (k 2 ) × SU (k 1 ) and Z |γ| is the cyclic group of order |γ| ≥ 1 or Z 0 = T 1 for γ = 0. Because G acts on M 1 almost effectively, the case where γ = 0 does not occur. Moreover, it is easy to check that all the cases where γ ̸ = 0 are essentially isomorphic. Hence, we may regard γ = 1 up to essential isomorphism.
Moreover, in this case, we can also use Lemma 5.5 by interchanging the role of K 1 and K 2 . Therefore, by using the arguments above again, we also have
for some r 2 ∈ Z. Hence, we can easily get r 1 = r 2 = 1 by using the two K's above. This establishes the 1 st case of the statement. Similarly, we can show the 2 nd case.
The case when G/K
Because we have rank K = n − 1 by virtue of Lemma 5.5, we also have
Therefore, we can put K 2 /K ∼ = S 2k2−2 , i.e., the (2k 2 − 2)-dimensional sphere, and dim G/K 2 = 2n − 2k 2 + 1 for k 2 ≥ 1.
Recall
Using Lemma 6.2, there are the following two cases:
• one of the factors in G 
where X is a product of simply connected simple Lie groups and tori. Now there are the following two cases:
o contains the following group as a maximal rank subgroup by Lemma 5.5:
where we can take γ as a non-zero integer because rank K
Therefore, by Lemma 2.3, we have that
Hence, in this case, we have k 1 = 4 and
o appearing in Section 2.3. Then, we have that
Using Lemma 5.5 (also see K ′′ above), we also have
Therefore, p(c(G 2 )) is a non-trivial subgroup in SU (4). Since G 2 is the simple Lie group, we also have that dim p(c(G 2 )) = dim G 2 = 14.
It follows that there exists a subgroup H ⊂ SU (4) such that dim H = 14. However, this also implies that there exists H ⊂ SU (4) such that SU (4)/H ∼ = S 1 , because SU (4) is compact and dim SU (4) = 15. As is well known, SU (4) can not act on S 1 non-trivially (see e.g. [Ku4, Theorem 5.2, 5.3] This establishes the statement of this lemma.
In order to classify the case when G/K 2 ∩ M T 1 = ∅, we will decompose into the followng two cases:
• G/K 2 is an exceptional orbit;
Before we will analyze for each case above, we remark the following:
is a finite normal subgroup of G ′ 1 . 
The case when
Proof. Because G ′ 1 is a product of connected, simple Lie groups and ker σ 2 ∩ G ′ 1 is finite (see Remark 6.5) for σ 2 :
. By Lemma 5.3, there are the following two cases:
Using Lemma 5.5, we have that
where we can take γ as a non-zero integer because rank K = n − 1. Moreover, we have that
Then, by definition, ker α = K. Therefore, together with
It is easy to see that we may regard γ = 1 up to essential isomorphism. This establishes the 1 st case in the statement. SO(2n) . Then, by Lemma 5.5, we have that − 1) ). This establishes the 2 nd case in the statement. 
The case when G/K
, there are the following two cases by using Lemma 6.2 and 6.4:
. We first prove this case does not occur (see Lemma 6.7).
Because
is finite (see Remark 6.5), we see that G ′ 1 = {e}. Therefore, using Lemma 5.3, we have
, it is easy to check that the covering group
can be decomposed into as follows:
where L is a product of simply connected, simple Lie groups and tori. In other words, the covering map
We claim the following:
Claim 1. In the conditions above, we have
. By Lemma 5.5, we have that
where γ is a non-zero integer. Therefore, the covering group K in Section 2.3 of K can decompose into SU (n − 1) × T 1 . Hence, in this case, there is an isomorphism between SU (n − 1) × T 1 and Spin(2k 2 − 2) × L. As is well known, SU (l 1 ) ≃ Spin(l 2 ) if and only if (l 1 , l 2 ) = (2, 3) and (4, 6) (see [MiTo] ). Together with the assumption k 2 > 1, there are just the following two cases:
be the natural inclusion. Then, there exists the representation
By an easy computation, we have that Z SU (n)×T 1 (SU (n − 1)) ≃ T 2 . This implies that ι • c provides a representation from Spin(3) to T 2 . Because Spin(3) is the simple Lie group and T 2 is the commutative group, such representation is just the trivial representation. This gives a contradiction to ι • c(Spin(2)) ≃ S 1 . Therefore, we have (n, k 2 ) = (5, 4) and L ≃ T 1 . Then, K 2 = Spin(7) × T 1 and there is the the sequence
Let p : SU (5) × T 1 → SU (5) be the natural projection. Then, we have p(K) = S(U (1) × U (4)) because γ ̸ = 0. Because we may regard p is the quotient representation by {e} × T 1 , the dimension of p(H) is dim H −1 or dim H for all subgroup H in G. Therefore, there is the following possibilities of dimension of
On the other hand, we have S(U (1)×U (4)
As is well known, S(U (1)×U (4)) is a maximal rank maximal subgroup of SU (5) (see e.g. [MiTo] ). This implies that S(U (1)×U (4) 
By Lemma 5.5, we have that
− 2k 2 + 1 and k 2 > 1, we also have that
. This implies that there is a surjective homomorphism from SO(2n − 1) to SO(2k 2 − 2). Let us prove there is no such homomorphism. If there exists a surjective homomorphism from SO(2n − 1) to SO(2k 2 − 2), there exists a transitive SO(2n − 1)-action on S 2k2−3 via this homomorphism. However, by using the classification of transitive actions of spheres (see [HsHs, Section 1] or [AlAl, Table 1 ]), the transitive SO(l)-action on S 2k2−3 is just l = 2k 2 − 2. Therefore, there is no such homomorphism. This gives a contradiction. Consequently, we have
In summary, we have the following lemma:
1 is a product of simple Lie group, we may assume σ 2 (SU (l 1 + 1)) = SO(2k 2 − 1) or σ 2 (SO(2m 1 + 1)) = SO(2k 2 − 1) by Lemma 5.3 and 6.2. As is well known, if σ 2 (SU (l 1 + 1)) = SO(2k 2 − 1) then l 1 = 1 and k 2 = 2. However, this is a contradiction to the assumption l i ≥ 2 (see Remark 5.2). Therefore, we have that σ 2 (SO(2m 1 + 1)) = SO(2k 2 − 1).
Because ker σ 2 ∩ G (
where k 1 ≥ 2. Here, in both of the cases above,
Proof. Using the argument before this proposition and Lemma 5.3, we have that
Moreover, by Lemma 6.1 (also see Lemma 6.7), we have
1 , then it follows from Lemma 5.5 that we may regard K as follows up to essential isomorphism: (6) and (7), we have the 1 st and 3 rd cases in the statement.
Note that σ 1 (x) ∈ {±1}. With the method similar to that demonstrated as above, we also have
This establishes the 2 nd case in the statement. Similarly, we have the 4 th case in the statement.
Remark 6.9. Propositions 6.3, 6.6 and 6.8 also say that if we determine the slice representation σ 1 then another slice representation σ 2 is determined automatically. Moreover, σ 1 is uniquely determined once we choose (G, K 1 , K 2 , K) up to essential isomorphism.
Classification of primitive torus manifolds
In this section, we claasify the primitive torus manifolds. The goal of this section is to prove the following theorem:
Theorem 7.1. Let (M 1 , T ) be a primitive torus manifold. Then, a codimension one extended action (M 1 , G) is essentially isomorphic to one of the followings: 
Attaching maps.
We have already seen (G, K 1 , K 2 , K) and two slice representations σ 1 , σ 2 in Section 5 and 6. Moreover, by the slice theorem (Theorem 3.2), we also get the tubular neighborhoods X 1 and X 2 of G/K 1 and G/K 2 , respectively. Due to Lemma 3.1, a primitive torus manifold M 1 decomposes into X 1 ∪X 2 equivariantly. Therefore, in order to show Theorem 7.1, it is enough to classify the attaching map f : ∂X 1 → ∂X 2 and construct a G-manifold M (f ) = X 1 ∪ f X 2 attached by f . Note that ∂X 1 ∼ = ∂X 2 ∼ = G/K; therefore, we may regard ∂X 1 and ∂X 2 as G/K. Moreover, the attaching map f must be a G-equivariant diffeomorphism because G-actions on X 1 and X 2 extends to the G-action on M (f ) = X 1 ∪ f X 2 . This implies that the attaching map f : G/K → G/K may be regarded as an element in
where N G (K) is the normalizer of K in G (see [Ka] ).
Let f and f ′ be two attaching maps. In order to check whether M (f ) and M (f ′ ) are equivariantly diffeomorphic, the following lemma is useful (see [Uc, Lemma 5.3 .1]).
manifolds, if one of the following conditions are satisfied:
As in [Ga] , we call this lemma the Uchida's criterion. Note that this criterion also holds for non-orientable manifolds.
Because of the Uchida's criterion (1), it is sufficient to compute
instead of dealing with the whole
Construction of primitive torus manifolds.
In this subsection, we compute N G (K)/N o G (K) and consturuct the primitive torus manifold (M 1 , G) with codimension one extended G-action. Recall that (G, K 1 , K 2 , K) are classified as in Proposition 6.3 (1), (2), (3), Proposition 6.6 (1), (2) and Proposition 6.8 (1), (2), (3), (4). We call each case CASE I-(1), (2), (3), CASE II- (1), (2) and CASE III- (1), (2), (3), (4), respectively. It is easy to check the following lemma:
one of the pairs in CASE I-(1), (2) and CASE II-(1), then N = {e}; • if (G, K) is one of the pairs in CASE I-(3) and CASE II-(2), then
N ≃ C; • if (G, K) is the pair in CASE III-(1), (2), then N ≃ F ; • if (G, K) is the pair in CASE III-(3), (4), then N ≃ F × C, where F ≃ S(O(1) × O(2l))/SO(2l) and C ≃ {±I 2l } = S(O(1) × O(2l − 1))/SO(2l − 1),
i.e., C is the center of G.
We next prove the following lemma:
where M (g) = X 1 ∪ g X 2 (g = e, f ) and e ∈ N is the identity element.
Proof. We will check Uchida's criterion (2) (Lemma 7.2), i.e., for all f :
. Note that the attaching map f ∈ N can be regarded as f : G/K → G/K by f (gK) = gf K, i.e., the multiplication from the right-hand side.
We first consider the case where f ∈ C ⊂ N , i.e., f ∈ N can be taken as an element in the center of G. Because f g = gf for all g ∈ G, the following map is well-defined and commute: kK] . Note that all maps in the diagram above are G-equivariantly diffeomorphic. The diffeomorphism Id :
e) by Uchida's criterion (2). We next consider the case where f ∈ F ⊂ N , i.e., CASE III. By Proposition 6.8, f ∈ F can be taken as an element (A, 1) and I ∈ G ′′ 1 is the identity element. Moreover, using Lemma 5.4 and Proposition 6.8, there are the following three cases:
where, in the final case above, Z 2 acts on S 2k2−2 and on D(V ), S(V ) via the representation to {±1}. 
where A is an equivariant involution on N and Id is the identity map on S(V ). Namely, there exists the following commutative diagram:
Remark 6.9 and Lemma 7.4 say that the primitive torus manifold (M 1 , G) is uniquely determined by (G, K 1 , K 2 , K) up to essential isomorphism. Hence, in order to classify the primitive torus manifolds, it is enough to find G-manifolds with isotropy groups K 1 , K 2 , K appearing in CASE I-(1) to CASE III-(4).
Let us find the manifold with G-action for each case. 7.2.1.
. Namely, we may find a manifold with G = SU (k 1 )×SU (k 2 )×T 1 -action whose isotropy subgroups are
. Now we define the G-action on M 1 as follows: SU (k 1 ) acts on the C k1 -factor standardly; SU (k 2 ) acts on the C k2 -factor by w → Bw, where w ∈ C k2 and B ∈ SU (k 2 ) is the complex conjugation of B ∈ SU (k 2 ); and T 1 acts on C k1 ⊕ C k2 diagonally except the first coordinate of C k2 . Then, the isotropy subgroups are G [0,e1] G [e1,e1] = K appearing in Proposition 6.3 (1), where (e 1 , 0) represents the first coordinate of C k1 , (0, e 1 ) represents the first coordinate of C k2 and [x, y] represents the projective coordinate in P (C k1 ⊕ C k2 ). By using the surjective homomorphism
we have that the G-action defined above is essentially isomorphic to the natural action of
This implies that (M 1 , G) of CASE I-(1) is essentially isomorphic to
where k 1 , k 2 ≥ 1 and k 1 + k 2 − 1 = n. This establishes Theorem 7.1 (1) if n ≥ 2. If n = 1, i.e., k 1 = k 2 = 1, then we easily obtain that (P (C ⊕ C), S(U (1) × U (1))) and (S(C ⊕ R), U (1)) are essentially isomorphic. So we may regard n ≥ 2, i.e., k 1 + k 2 ≥ 3, in this case. We shall discuss (S(C ⊕ R), U (1)) in the next CASE I-(2).
CASE I-(2).
n (where T 1 acts on it by the scaler multiplication) and its isotropy subgroups are G (0,1) = K 1 G (0,−1) = K 2 and G (e1,0) = K appearing in Proposition 6.3 (2), where (z, r) ∈ C n ⊕ R. Moreover, it is easy to check that this action is essentially isomorphic to the natural action of U (n) on S(C n ⊕ R). This implies that (M 1 , G) of CASE I-(2) is essentially isomorphic to
where k 1 = k 2 = n. This establishes Theorem 7.1 (2).
CASE I-(3).
Then, M 1 has the natural G = SO(2n)-action on the coordinate of R 2n and its isotropy subgroups are
where k 1 = k 2 = n. This establishes Theorem 7.1 (3).
CASE II-(1)
. Set (G, K 1 , K 2 , K) as in Proposition 6.6 (1). Note that (G, K 1 , K) of this case coincides with that of CASE I-(2). Moreover, K 2 of this case is the double covering of K. These facts imply that the manifold M 1 of CASE II-(1) can be obtained by a
is the 2n-dimensional real projective space. Then, M 1 has the natural G = SU (n) × T 1 -action (where T 1 acts on C n diagonally) and its isotropy subgroups are
n , r ∈ R) represents the projective coordinate in RP (C n ⊕ R). Moreover, this action is essentially isomorphic to the natural action of
where k 1 = n and k 2 = 1. This establishes Theorem 7.1 (6) with k 2 = 1. 7.2.5. CASE II-(2). Set (G, K 1 , K 2 , K) as in Proposition 6.6 (2). With the method similar to that demonstrated in the CASE II-(1), we have that (M 1 , G) of CASE II-(2) is essentially isomorphic to
where k 1 = n and k 2 = 1. This establishes Theorem 7.1 (7) with k 2 = 1.
action, and its isotropy subgroups are G (e1,0) = K 1 G (0,e1) = K 2 and G (e1,e1) = K appearing in Proposition 6.8 (1), where (e 1 , 0) is the first coordinate in C k1 and (0, e 1 ) is that in R 2k2−1 . Moreover, this action is essentially isomorphic to the natural action of
where k 1 ≥ 1 and k 2 ≥ 2. This establishes Theorem 7.1 (4). G [e1,e1] = K appearing in Proposition 6.8 (2), where [z, x] is the projective coordinate in C k1 ⊕R 2k2−1 . With the method similar to that demonstrated as above, we have that (M 1 , G) of CASE III-(2) is essentially isomorphic to
where k 1 ≥ 1 and k 2 ≥ 2. This establishes Theorem 7.1 (5).
CASE III-(3)
. Set (G, K 1 , K 2 , K) as in Proposition 6.8 (3). Let M 1 = S(R 2k1 ⊕R 2k2−1 ) be the unit sphere of R 2k1 ⊕ R 2k2−1 . Then, M 1 has the natural G = SO(2k 1 ) × SO(2k 2 − 1)-action, and its isotropy subgroups are G (e1,0) = K 1 G (0,e1) = K 2 and G (e1,e1) = K appearing in Proposition 6.8 (3). With the method similar to that demonstrated as above, this establishes that (M 1 , G) of CASE III-(3) is essentially isomorphic to
where k 1 ≥ 1 and k 2 ≥ 2. This establishes Theorem 7.1 (6) with k 2 ≥ 2. 7.2.9. CASE III-(4). Set (G, K 1 , K 2 , K) as in Proposition 6.8 (4). Let M 1 = RP (R 2k1 ⊕ R 2k2−1 ) be the real projective space. Then, M 1 has the natural G = SO(2k 1 ) × SO(2k 2 − 1)-action, and its isotropy subgroups are G [e1,0] 6.8 (4) . With the method similar to that demonstrated as above, this establishes that (M 1 , G) of CASE III-(4) is essentially isomorphic to
where k 1 ≥ 1 and k 2 ≥ 2. This establishes Theorem 7.1 (7) with k 2 ≥ 2. Consequently, we have Theorem 7.1.
Preliminary to classifying non-primitive torus manifolds
In this section, we consider the general structures of non-primitive torus manifolds. Let (M 2n , T n ) be a non-primitive torus manifold with codimension one extended action (M, G). Due to Theorem 4.5, such (M, G) is essentially isomorphic to the following manifolds:
where (M 1 , G ′′ ) is one of the primitive torus manifolds in Theorem 7.1 and
Here, M is the quotient of the H ′ -action on G ′ × M 1 defined by the product of the natural action on the G ′ -factor and on the M 1 -factor via
where Diff G ′′ (M 1 ) represents the set of all G ′′ -equivariant diffeomorphisms on M 1 . By the definition of M , we can define the G = G ′ × G ′′ -action on it naturally. Note that there exists the natural surjective homomorphism
. We also note the following remark.
Remark 8.1. Let q j : G → SO(2m j + 1) be the natural projection. If q j (H ′ ) = SO(2), i.e., SO(2m j +1)∩A = {e} and m j = 1, then we may regard the SO(2m j +1)-factor as the SU (l a+1 +1)-factor (l a+1 = 1) up to essential isomorphism, because (SO(3), SO(2)) and (SU (2), S(U (1)×U (1))) are locally isomorphic. Hence, we assume if
As we mentioned in Section 4, in order to classify all the torus manifolds with codimension one extended actions, we need to analyze the representation
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We first analyze the general property of the representation µ. Because the H ′ -action on M 1 commutes with the G ′′ -action on M 1 , we have that 
In Section 9 and 10, we classify all torus manifolds with codimension one extended actions. 
for i = 1, 2. Let K 1 and K 2 be non-principal isotropy subgroups of (M, G). Then, two nonprincipal orbits G/ K i of (M, G) are denoted by
. Therefore, we have the following lemma:
Lemma 9.1. Two singular isotropy subgroups K i , i = 1, 2, of (M, G) is isomorphic to the following group:
In particular, if µ i is the trivial representation, then we have
Moreover, tubular neighborhoods of two non-principal orbits of (M, G) can be denoted by Using (8) and the slice theorem, we have that the H ′ -action on X i preserves the bundle structure of X i . Therefore, it follows from ∂X i = G ′′ /K that the following commutative diagram:
Namely, we may regard µ i (h) as an element of the following subgroup of
and µ i (h) as the image of µ i (h) of the natural projection
Let M 1 be a manifold appearing in Theorem 7.1.
, it is easy to check that
for i = 1, 2. Moreover, by using this relation, we have that the following homomorphism
is well-defined and surjective when
). This implies that µ i (h) can be taken as any element in N G ′′ (K i )/K i . Hence, we have the following lemma:
be regarded as an element of the following groups:
Here, the numbers of CASE (1)-(7) in the list coincide with those of Theorem 7.1. Now we may prove the following lemma which tells us how H ′ acts on X i :
where µ i is the representation appearing in Lemma 9.2 and 
such that its slice representation is denoted by
. By the arguments in Sections 5 and 6, we already know how to embed σ i (K i ) into O(2k i ); by using this, it is easy to check that Z(σ i (K i ); O(l i )) is a commutative group for all CASE (1)-(7). Using the notations in Section 5.2 together with Remark 8.1, we can put the elements of 
For every point q ∈ P , L(q) denotes the unique face containing q in its relative interior. Then a moment-angle manifold Z P over P is defined by the identification space 
Here, the formula for the product of polytopes (11) is due to [BuPa, Proposition 6.4 ] and the moment-angle manifold over the simplex (12) is due to [BuPa, Example 6.7] . By using these formulas (11) and (12), the moment-angle manifold over P = ∏ a i=1 ∆ li × ∆ k1+k2−1 is as follows:
where S(C k1 ρ ⊕ C k2 ) ∼ = S 2k1+2k2−1 . Note that the number of facets of ∏ a i=1 ∆ li × ∆ k1+k2−1 and its dimension are
respectively. Therefore, by using Corollary 1.2 or Proposition 9.4, the subgroup which acts on Z P freely is
By definitions of M and Z P , this group H = T a × S 1 acts on Z P as follows:
(1) T a ⊂ H acts naturally on the ∏ a i=1 S 2li+1 factor, and acts on the S(C One can easily show that Z P has the natural action of G = ∏ a i=1 SU (l i +1)×S(U (k 1 )×U (k 2 )), with codimension one principal orbits ∏ a i=1 S 2li+1 × S 2k1−1 × S 2k2−1 , and two singular orbits ∏ a i=1 S 2li+1 × S 2k1−1 and ∏ a i=1 S 2li+1 × S 2k2−1 . Furthermore, this G-action on Z P commutes with the H = T a × S 1 -action and induces the codimension one action on M . Similarly, we have this fact for quasitoric manifolds with codimension 0 extended G-actions (such quasitoric manifolds are only products of complex projective spaces, see [Ku3] ), i.e., all transitive actions on quasitoric manifolds can be induced from transitive actions on moment-angle manifolds. Hence, we have the following theorem by using the argument as above and our classification results. 
such that we can lift the codimension 0 (resp. 1) extended G-actions on M to the G-action on Z P with codimension 0 (resp. 1) principal orbits. In other wards, all of codimension 0 and 1 extended G-actions on M are induced from G-actions on Z P with codimension 0 and 1 principal orbits, respectively.
Remark 11.3. We can easily show that two singular orbits of (Z P , G) are moment-angle manifolds of two singular orbits of (M, G), respectively.
Orientability.
We next analyze orientabilities of torus manifolds with codimension one extended actions. We first show the following general property:
Proposition 11.4. Let E be the total space of fibre bundle, and F its fibre. If the manifold F is non-orientable, then the manifold E is also non-orientable.
Proof. Assume F is non-orientable. As is well known, the 1 st Stiefel-Whitney class w 1 (M ) = 0 if and only if the manifold M is orientable (see e.g. [MiSt] ). Therefore, w 1 (F ) ̸ = 0.
Let ι be an embedding of F into E. Then, its pull-back of the tangent bundle ι * τ E can be decomposed into τ F ⊕ ν F , where τ F is the tangent bundle of F and ν F is its normal bundle in E. Because of the local triviality condition of the fibre bundle, we see that ν F is the trivial bundle. This implies that the total Stiefel-Whitney class satisfies ι * w(E) = w(τ F ⊕ ν F ) = w(F )w(ν F ) = w(F ).
It follows from w 1 (F ) ̸ = 0 that w 1 (E) ̸ = 0. This establishes the statement of proposition.
It follows from Proposition 11.4 that manifolds appearing in Proposition 9.9 and 9.10 never become orientable.
Due to Proposition 9.4-9.8 and 10.3, we can easily show that there is a similar principal (T a × A)-bundle such as the moment-angle manifold in Theorem 11.2, i.e., we can define the following principal (T a × A)-bundle such as Theorem 11.2:
where M is a torus manifold with codimension one extended action, the symbols V ρV , W ρW represent the representation spaces appearing in Proposition 9.4-9.8 and 10. We analyze when A-action preserves the orientation. Because of the definition of A-action, we have that this action is induced from the following representation: 
Hence, it is easy to check the following proposition:
Proposition 11.5. Let M be a torus manifolds with codimension one extended action. Then, for the orientability of M , the following statements hold:
( Using Proposition 9.4-9.10, 10.3 and 11.5, we get Theorem 1.1.
